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Modelling excess mortality using fractional 
polynomials and spline functions

Bernard Rachet
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Modelling time-dependent excess hazard

Excess hazard function λc(t)

with
λ0(t) time-dependent baseline excess hazard
β(t) possibly time-dependent vector of coefficients
X(t) possibly time-dependent vector of co-variables
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Fractional polynomials

A fractional polynomial of degree m consists of m integer/fractional 
powers

where the power (pj) is generally chosen from a restricted set 
including 

{-2; -1; -0.5; 0; 0.5; 1; 2; 3}
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Fractional polynomials

A fractional polynomial of first degree (m = 1) can include 
repeated powers of p

Example of m = 2 with repeated powers of 0.5
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Possible curve shapes with second-degree 
fractional polynomials

(-2, 1) (-2, 2)

(-2, -2) (-2, -1)

From Royston et al., 1999
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Algorithm to choose the most suitable model
Sauerbrei W, Royston P. Journal of the Royal Statistical Society, 

Series A 1999; 162:71–94.

Implemented in Stata® command mfp.ado and adapted to mvrs.ado

Principles of the algorithm
1. Determine fitting order of co-variables from linear model
2. For each co-variable X:

- Fit model with each combination of powers
- Choose model with lowest deviance
- Compare FPm with FP(m-1)
- Functions for other X are fixed, but not their β’s

3. Iterate step 2 until powers of FP functions do not change



7 September 2007 Stata workshop - Stockholm 7

Fractional polynomials

Excess hazard function λc(t)

with
β(t) a vector of fractional polynomials of time

( ) ( ) ( ) ( )( )tXttfptc βλ exp0=
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Example: patients diagnosed with colon cancer

Fit a multiplicative regression model for relative survival
grouped data
small intervals
fractional polynomial for baseline excess hazard

. strs using popmort, br(0(.1)10) mergeby(_year sex _age) ///
by(sex year8594 agegrp) notables ...

. use colon_grouped, clear

. gen midtime=(start+end)/2

. xi: mfp glm d midtime (i.sex i.year8594 i.agegrp), ///
adjust(no) df(6) alpha(-1) ///
xorder(n) family(poisson) link(rs d_star) lnoffset(y)
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Colon cancer - Baseline excess mortality rate
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Colon cancer - reference: age 45-59
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Colon cancer - period of diagnosis 1985-94 vs. 1975-84
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Splines

Excess hazard function λc(t)

with
f(t) spline function and exp(f(t)) = λ0(t)
β(t) a vector of spline functions

Main broad classes
– regression or natural splines (incl. restricted, B-splines, …)
– smoothing splines
– penalised splines

( ) ( ) ( ) ( )( )tXttftc βλ += exp
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Regression or natural splines

Linear combination of piecewise polynomial functions
+ linear combination of truncated functions

A k-degree polynomial function consists of

Interval-specific polynomials joined smoothly at distinct knots 
(continuity of the function and the first two derivatives at the knots)

where u+ = max(0 , u) and {tj}m are m knots
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Regression splines

Flexibility
Degree of the polynomial

cubic, quadratic …
Knots

sensitivity to their location and their number 

Degrees of freedom
number of internal knots + 1
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Regression splines
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How flexible?

Baseline excess hazard
cubic splines with 2 knots or 3-degree fractional polynomial

Time-dependent effects – categorical co-variable
cubic splines with 1 knot or 2-degree fractional polynomial 

for each interaction term “dummy co-variable by time”

Time-dependent effects – continuous co-variable
cubic splines with 1 knot or 2-degree fractional polynomial 

for both co-variable (knot at the mean) and interaction “co-
variable by time”



7 September 2007 Stata workshop - Stockholm 19

7 September 2007 Stata workshop - Stockholm 20

0
50

10
0

15
0

E
xc

es
s 

m
or

ta
lit

y 
ra

te
 (p

er
 1

00
0 

pe
rs

on
-y

ea
rs

)

0 1 2 3 4 5 6 7 8 9 10
Time since diagnosis (years)

Colon cancer - Baseline excess mortality rate



7 September 2007 Stata workshop - Stockholm 21

7 September 2007 Stata workshop - Stockholm 22

0
50

10
0

15
0

20
0

25
0

E
xc

es
s 

m
or

ta
lit

y 
ra

te
 (p

er
 1

00
0 

pe
rs

on
-y

ea
rs

)

0 1 2 3 4 5 6 7 8 9 10
Time since diagnosis (years)

Colon cancer - Baseline excess mortality rate



7 September 2007 Stata workshop - Stockholm 23

Survival time in months (vital status 1 or 2)

-------------------------------------------------------------

Percentiles      Smallest
1%           .5             .5

5%           .5             .5

10%          2.5             .5       Obs 3291
25%         13.5             .5       Sum of Wgt.        3291

50%         34.5                      Mean           48.95943
Largest       Std. Dev.      46.81865

75%         71.5          239.5

90%        116.5          239.5       Variance       2191.986
95%        147.5          241.5       Skewness 1.361728

99%        202.5          241.5       Kurtosis       4.669213
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. xi: mvrs glm d  midtime (age2 age3 age4 i.sex i.year8594), ///

df(5) xorder(n) family(poisson) link(rs d_star) lnoffset(y)

Deviance for model with all terms untransformed = 38521.869, 
312192 observations

------------------------------------------------------------

Variable  Final  Deviance   Dev.diff P     Final knot
df cf. null          positions

------------------------------------------------------------

convergence not achieved
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To conclude…

• Continuous functions provide clinically relevant patterns of 
excess hazard

• No inflation of the number of parameters
• Sparse data when problematic partitioning
• Flexibility vs. smoothness
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Fractional polynomials
• Stata mfp.ado (P Royston) using generalised linear model for 

relative survival (P Dickman)

Splines
• Stata mvrs.ado (P Royston) using generalised linear model for 

relative survival (P Dickman)
• R/S Rsurv (R Giorgi)

Rsurv-v2 (L Remontet)
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